Abstract. We describe alternate methods of solution for a model arising in the work of Seiberg and Witten on N = 2 supersymmetric YangMills theory and provide a complete argument for the characterization put forth by Argyres, Faraggi, and Shapere of the curve Im a D =a = 0 .
Seiberg and Witten use elliptic integrals to construct a solution of this problem. Bilal Bil] uses a di erential equations approach to construct the same solution.
In the physical application of this problem the \curve of marginal stability" de ned by Im a D =a = 0 plays an important role. Seiberg and Witten suggest that this curve should look \something like juj = 1. " Fayyazuddin Fay] shows that is a disjoint union of simple closed curves and that the puncture points 1 lie in the same component of . Argyres, Faraggi, and Shapere AFS] provide a conformal mapping interpretation of implying that is indeed a single simple closed curve. (Their argument relies on an ad hoc assumption that a fundamental region maps onto a union of deck transformations of the same fundamental region.)
In xx2 through 7 below we provide an alternate method of solving the problem by applying very elementary complex-analytic arguments to suitably chosen single-valued mappings and di erentials manufactured from the section a D (u) a(u) . xx5, 10, and 11 combine to provide another method of solution via conformal mapping. Both methods should in particular serve to clarify uniqueness issues connected with this problem.
In x9 we show that a D and a must indeed satisfy the di erential equation used by Bilal and several other authors. x11 below contains a complete argument for the Argyres-Faraggi-Shapere description of .
The ratio
The domain C n f 1g is covered by the upper half-plane f : Im > 0g; this covering can be chosen to map the hyperbolic triangle with vertices 0; 1; 1 to the lower half-plane with 0; 1; 1 mapping respectively to 1; ?1; 1 Ahl, 7.3.5] . a D ; a; and can be viewed as single-valued functions of . The problem is set so that each matrix in the holonomy subgroup of SL(2; R) comes from the corresponding deck transformation 7 ! + + . Thus the deck transformation 7 ! + + takes to + + . In view of (1.3) it follows that induces a self-map of C n f 1g homotopic to the identity.
But such a self-map must in fact be the identity (see Appendix A) so that and are related by a deck transformation. But the asymptotic conditions ( (6.2)
7. Verification Direct calculation shows that the functions a; a D de ned in (6.1), (6.2) satisfy the asymptotic conditions (1.2) (for the branches set up in x2) and that they satisfy the holonomy conditions (1.1) up to sign; to check that the signs work out correctly it su ces to examine, say, the asymptotics of a at u = 1 and of a D at u = 1.
To check the positivity condition (1. We saw in the previous section that a D =a has no branch points; thus, traveling from right to left, I 3 will map downwards along C 3 a total of 3 + 1 2 times, I 2 will map counterclockwise along C 2 a total of 2 + 1 2 times, and I 1 will map upwards along C 1 a total of 1 + 1 2
times. An application of the argument principle reveals that the number of branch points of a D =a in the lower half-plane is equal to 1 + 2 + 3 . Since there are no such branch points we must in fact have 1 = 2 = 3 = 0. Another application of the argument principle reveals that a D =a maps the lower half-plane bijectively to .
Standard arguments show that repeated continuation of a D =a across the intervals I j is accomplished by Schwarz re ection.
Remark. Di erentiating a D =a we nd that the Theorem and the result of x5 are su cient to determine a D and a. It follows that the positivity assumption (1.3) is in fact redundant. Proof of Corollary. The transformation laws for a D =a show that is wellde ned, the absence of branch points for a D =a implies that is smooth and real-analytic away from 1, and the asymptotics (1.2) reveal that is of class C 1 also at 1. The Theorem shows that intersects the lower half-plane in a single arc joining the points 1, and a Schwarz re ection argument shows that the same holds for the upper half-plane. Appendix A. Homotopically trivial self-maps.
Theorem. If X is a Riemann surface with non-abelian fundamental group and f : X ! X is a holomorphic self-map which is homotopic to the identity then f is in fact the identity map of X. Proof. X is covered by the unit disk , and the deck group of the covering contains in nitely many non-commuting hyperbolic elements Bea, Thm. 5.1.3]. Then Hub, Satz 2] implies that f is an automorphism of X lifting to an automorphism of commuting with the deck group. But this implies Bea, Thm. 4.3.6 ] that the lifted map is the identity map of so that f is the identity map of X.
